A spring-mass model arranged in a diamond structure-mechanical diamond-is analyzed in terms of topology in detail. We find that, additional springs connecting the next-nearest-neighboring pairs of mass points and the modulation of the mass parameters to the pristine mechanical diamond generates several pairs of Weyl points in the frequency dispersion. Evolution of the Weyl point mapping in the Brillouin zone against uniform outward tension is shown and explained from the view point of the point group symmetry, especially tetrahedral symmetry of the NNN springs. Interestingly, there happens a rapid transmutation of the monopole charges of the Weyl points as the tension changes. We also show Fermi arcs as surface modes in the case that anisotropy is introduced in the model.
I. INTRODUCTION
Topological semimetals, which are characterized by isolated gapless points or lines in their band structure, have been intensively studied both in theoretical and experimental view points recently. There are two classes of topological semimetals: one requires some symmetry for protection of the gapless points, while the other is purely topological. The former includes Dirac semimetals with time reversal and spatial inversion symmetries, or nodal line semimetals that are protected by reflection symmetry, for instance [1] [2] [3] [4] [5] [6] [7] . On the other hand, the latter includes Weyl semimetals where either of time reversal or spatial inversion symmetry should be broken [8] [9] [10] [11] [12] [13] . Namely, for the Weyl semimetals, symmetry breaking is the key for generating gapless points (Weyl points). The Weyl points are created/annihilated as pairs and each of a pair carries ±1 topological charge, and the conservation of the topological (or monopole) charge is behind the stability of the Weyl points. In relation to topology, surface states of Weyl semimetals are notable: a Weyl semimetal is characterized by a Fermi arc, which is an isoenergy line of the surface state at the Fermi energy connecting a pair of Weyl points projected onto the surface Brillouin zone 14, 15 . We can relate the surface state (and Fermi arc) with the bulk Chern number, forming a typical example of bulk-edge correspondence 16 .
Currently, the concept of "topological insulators" and bulk-edge correspondence is extended to wider and wider variety of systems including classical systems such as photonic crystals 17, 18 and mechanical systems [19] [20] [21] [22] [23] [24] [25] . It is possible to mimic quantum Hall states, quantum spin Hall states, and other topologically nontrivial states by appropriate artificial designs. This artificial nature is an advantage of the classical topological systems over the quantum electronic systems. Namely, the classical systems usually have better controllability than the quantum ones, and enables us to access parameter regions that are impossible or difficult in quantum systems. Mechanical graphene, a spring-mass model with the honeycomb structure having Dirac cones in its frequency dispersion, enjoys this controllable feature [26] [27] [28] . For instance, the number and positions of the Dirac cones can be changed simply by a uniform outward tension. If the Dirac cones are gapped out by a time-reversal symmetry breaking term, there appear chiral edge mode, and the same uniform tension causes a flip in the flowing direction of the chiral edge mode. Mechanical graphene has a natural extension in three-dimension, i.e., mechanical diamond that is a spring-mass model with diamond structure 29 . We have found that mechanical diamond is a classical counterpart of the nodal line semimetal, and a (modified) chiral symmetry is the key for line node protection 29 .
In this paper, we investigate symmetry breaking effects in mechanical diamond. The (modified) chiral symmetry is broken by introducing springs connecting nextnearest-neighbor (NNN) pairs of mass points in addition to the original ones for the nearest neighbor (NN) pairs, and introducing modulation in mass of the mass points. This symmetry breaking eliminates the line nodes and generates several Weyl points. It is noticed that the tetrahedral symmetry of the system after introducing NNN springs is crucial in determining the number of the Weyl points. As in the case of mechanical graphene, the uniform outward tension induces movement of the Weyl points along the line originally being line nodes. Interestingly, an exchange of chirality (or topological charge) occurs as the Weyl nodes travel about. We also investigate surface states to see Fermi arcs associated with the nontrivial topology in the bulk with Weyl points. In the following, we start with describing two types of the mechanical diamond, a NN model and a NNN model in Sec. II. Section III is for numerical methods to identify Weyl points. Mappings of the Weyl points for an isotropic case and an anisotropic case are shown in Sec. IV, and the results are interpreted in terms of symmetry. Section V considers Fermi arcs for the anisotropic case in a system with a boundary. The paper is concluded in Sec. VI. A mechanical diamond is a classical model composed of mass points and springs arranged in a diamond structure. We first consider NN model, where the springs connect the neighboring pairs of the mass points. The parameters describing our model are spring constant of the NN springs κ, mass of the mass points m, natural length of the NN springs l 0 and distance between the neighboring mass points R 0 . If we apply uniform outward tension, the distance R 0 can be larger than the natural length l 0 . This deformation is enabled by a proper boundary condition. For simplicity, m is set to unity in this NN model. The dynamical variables of the model are x Ra = (x Ra , y Ra , z Ra ), which are displacements of mass points from the equilibrium positions with R denoting the lattice points and a being a sublattice index. In the following, we focus on infinitesimal oscillation about the equilibrium positions, and x Ra is regarded as a small quantity.
The elastic energy of a single linear spring U s is approximated as U s U 0 + U 1 (δx λ ) + U 2 (δx µ δx ν ), with δx indicating a difference between the displacements of the neighboring pair of the mass points. The U 1 -term that is first order in δx λ can be finite for a single spring, but if we consider all the springs connected to a single mass point, the terms cancel out with each other. Then, the dynamics of the system is governed by the U 2 -term that is second order in δx λ . The U 2 -term is explicitly written as
where
The summation over µ and ν, which run through three spatial directions (x, y, z), is implicitly taken. Importantly, the tension parameter η determines the U 2 -term.
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3 ), withγ i ≡γ R 30 with the chiral symmetry. In contrast, the gap closing point becomes an isolated point (Weyl point) in the 3D Brillouin zone without chiral symmetry. In the following, we consider to add a term breaking the chiral symmetry in mechanical diamond.
B. Next-nearest-neighbor (NNN) model
In order to break the chiral symmetry, we introduce (i) springs connecting the next-nearest-neighbor pairs of the mass points on one of the sublattices only (say, the sublattice A out of the sublattices A and B) (see Fig. 1 ), and (ii) difference in the mass of the mass points between the two sublattices. Following the arguments in the previous subsection, and using six NNN vectors R 
Here,
is unchanged from the previous subsection. The new tension parameter η is defined as η ≡ l 1 /R 1 where l 1 is natural length of the NNN springs and R 1 = |R 1 |. A uniform and isotropic outward tension preserves the ratio between R 0 and R 1 , and therefore, we have η = η 0 η0 η where η 0 and η 0 are the tension parameters of the NN and NNN springs at some (a) 1 . In particular, the three vectors R
(1)
are exactly the same as the unit translation vectors a1-a3 respectively. The four vertices of a tetrahedron formed by the NNN springs are numbered (from 1 to 4) to discuss a symmetry in §IV.
reference tension, respectively.
Note that we have assigned different spring constants for NNN springs lying in different directions, i.e., κ i (i = 1, 2, ..., 6) for the NNN springs in the R (i) 1 directions. For the NN springs, the forces exerted on a single mass point are balanced between four springs in equilibrium, and it is better to assign the same spring constants for four springs to keep the ideal diamond structure. On the other hand, for the NNN springs, the forces on a mass point are balanced in a pairwise way in each of the six directions along R (i) 1 in equilibrium, and the ideal diamond structure is kept even if we assign different spring constants for different directions. For the mass parameters, we use m for sublattice A and 1 for sublattice B. Naively, the variation of mass makes the problem a generalized eigenvalue problem, but for convenience, we have reformulated it into a standard eigenvalue problem with an hermitian matrix Γ N N N (k) by absorbing the factor m into the eigenvectors as
When we have discussed the chiral symmetry in NN model, subtraction of the diagonal part proportional to an identity matrix was essential. For NNN model, since the block matrixΓ AA depends on the momentum, we cannot remove it as the NN model.
III. NUMERICAL METHOD
Our major task in the following is to identify Weyl points. In numerics, it is nontrivial to distinguish a strictly gapless point from a tiny but finitely gapped point if we only look at eigenvalue spectra. Therefore, we try to extract more information from eigenstates. Specifically, we numerically locate monopoles in Brillouin zone (Weyl points) by evaluating Berry curvature by adapting the method for the Chern number calculation 31, 32 . The procedure is as follows [see also Fig. 2(a) ]. First, the Brillouin zone is divided into coarse cubes whose corners are labeled by k l = (k l1 , k l2 , k l3 ) where l = (l 1 , l 2 , l 3 ), k lµ = 2πl µ /N B and l µ = 0, ..., N B − 1. Then we define a U (1) link variable by
where ψ(k) is a triplet state of which components are three states with lower frequencies. We have also put in a shorthand notationê µ = 2π/(N B N D )(δ 1µ , δ 2µ , δ 3µ ) with a quantity N D denoting the number of discretized mesh points on the surface of the coarse cube. For the square spanned by k l , k l +ê µ , k l +ê ν and k l +ê µ +ê ν (µ = ν), a lattice field strength is given as
and a monopole charge of one coarse cubeC l is computed fromF µν (k l ) as When this monopole charge results in a nonzero integer, at least one Weyl point exists in that cube. (In general, we have to note that even if this monopole charge is zero, we still have a chance to find multiple Weyl points with compensated charges.) Hence, we pick up cubes with finite monopole charges and repeat this procedure (subdivide into smaller cubes) until we have a solo Weyl point in each cube.
IV. POSITION OF WEYL POINTS A. Isotropic case
Equipped with the method in the previous section, we investigate Weyl points in NNN model of mechanical diamond. Figure 3 shows Weyl points for an isotropic case, where κ = 1/(1 − Fig. 2(b) . We find six pairs of the Weyl points moving from the W points to the X points as the tension increases, or η decreases. Note that the line node in NN model passes through the line connecting the W and X points. In decreasing η, the Weyl points are created as pairs at the W points, and annihilated with those from the other pairs at the X points.
Remarkably, the colors of the Weyl points are different between Fig. 3(b) and Fig. 3(c) , i.e., there is a rapid transmutation of the monopole charge from positive to negative (or vice versa). This transmutation occurs in between η = 0.67 and η = 0.66. Figure 4 illustrates the detailed process of the transmutation. Because of the three-fold rotational symmetry and the reflection symmetry of the system, it is sufficient to examine one of the square faces of the fcc Brillouin zone. For an illustrative purpose, we put numbers on found Weyl points as in the right panels of It is helpful to think of the tetrahedral symmetry of the NNN springs in understanding the number of the Weyl points in the first Brillouin zone. Here, we use the numbers in Fig. 1(b) . There are 4! = 24 symmetric operations to exchange the vertices in the tetrahedron. This operation is mapped to be a permutation of (1, 2, 3, 4) . When a Weyl point is generated at a generic point, this point transfers to 24 points by the permutation, in which 12 points are moved by the even permutation while the other 12 points by the odd permutation. The chirality of the Weyl points actually depends on whether the permutation is even or odd. In contrast, a Weyl point on the high symmetric X-W lines relocate to 12 (instead of 24) points by the permutation. Note that the mapping of Weyl points by the permutation is consistent with the time reversal symmetry in NNN model.
B. Anisotropic case
In the previous paragraph, we have seen that the number of the Weyl points are restricted by the tetrahedral symmetry. Here, let us introduce anisotropy to break this symmetry. In the isotropic case discussed so far, we have been using η /η = 0.8 for all the NNN springs. In order to induce anisotropy, we modify η /η for the springs along R
(1) 1 direction to 1. The system does not have tetrahedral symmetry anymore, but again, it should be noted that the forces on a single mass point cancel out in a pairwise manner in equilibrium, and therefore, the applied modification is not harmful in keeping the ideal diamond structure. Figure 5 shows Weyl points for the anisotropic case. Due to the symmetry breaking, timing of the creation and the annihilation differs from the isotropic case. As we decrease η, two pairs of Weyl points are generated in k 1 = ±π plane at η = 0.81. Then, other four pairs emerge at η = 0.79. (Remember that in the isotropic case, the six pairs are created simultaneously.) All six pairs switch the chirality in between η = 0.70 and η = 0.66, although the switch does not take place simultaneously. The switch of the four pairs near X 2 , X 2 , X 3 and X 3 points is first and that of the two pairs near X 1 and X 1 points is second. Finally, only two pairs near the X 1 and X 1 points remain for η = 0.61.
As we have seen, in the isotropic case, if a Weyl point is generated on X-W lines, the symmetry automatically gives 12 Weyl points in total. In the anisotropic case, the multiplicity of the Weyl points obeys a different rule. The tetrahedral symmetry is broken in the anisotropic model, but it still has two mirror plane leading to the exchange of 1 ↔ 2 and 3 ↔ 4 [see Fig. 1(b) ]. For η = 0.81 [ Fig. 5(b) ], we see red points on the square face containing X 3 . Although there are two different mirror planes, both of them map a red point on this surface to the same blue point (note the periodicity of the Brillouin zone), and the multiplicity of the Weyl points caused by the mirror symmetry is 2. Then, even if we also consider the multiplicity by the time reversal symmetry, the total number of the Weyl points in the Brillouin zone is 4, which is less than 12. The key is that the square faces of the Brillouin zone boundary are no longer all the same in terms of the symmetry, and pair creation/annihilation on these faces can take place independently.
V. BULK SECTION CHERN NUMBER AND FERMI ARC
In this section, we show chiral edge states (or Fermi arc in this case) characterized by a bulk topological number. Let us start with the definition of the bulk topological number. In our 3D model, we have section Chern number (SCN) [33] [34] [35] [36] , whose definition is
Here, A is a non-Abelian Berry connection A = ψ † dψ. The state ψ is a triplet formed by three eigenstates with lower frequencies. The integration is taken over the twodimensional Brillouin zone with k i (i = 1, 2, 3) fixed. In the isotropic case, the SCN is always trivial for any fixed momentum because of mirror planes passing through the k 1 -, k 2 -, and k 3 -axes. In the anisotropic model, on the other hand, C(k 2 ) and C(k 3 ) can be nontrivial in a certain range of fixed momentum due to the absence of a mirror plane through the k 2 -and k 3 -axes.
To obtain surface states, we consider a system that is periodic in a 1 and a 2 direction but finite in a 3 direction. In the a 3 direction, the system is terminated with the fixed boundary condition as illustrated in Fig. 6 . The surface states with this boundary condition for the NN model has been discussed in our previous paper 29 . Now for the NNN model, Fig. 7 shows C(k 2 ) and surface states of a system with 400 layers in z direction for η = 0.61. As expected, we see chiral edge states connecting the third and the fourth lowest bands for k 2 with finite C(k 2 ). C(k 2 ) changes when the plane of fixed k 2 crosses a gapless point with topological charge, i.e., Weyl point. One monopole (antimonopole) adds +1 (−1) to the SCN. We also notice that the number of the chiral edge states matches to the SCN including the directions. Note that flat bands that is already found in the NN model 37 remain even in the NNN model. The Fermi arc is shown in Fig. 7(i) , which has no dependence on wave number in the k 1 direction here.
VI. CONCLUSION
To summarize, we have investigated Weyl points of the mechanical diamond. By introducing the NNN springs and the variation in the mass parameter, several pairs of the Weyl points in the frequency dispersion appear in the Brillouin zone. The Weyl point positions are numerically obtained by calculating topological charges. As a function of the tension parameter, the configuration of the Weyl points in the Brillouin zone shows an inter- × 2π and (f) k2 = 16 30 × 2π, and the band structures are scanned by k1. In (g) and (h), k1 is fixed to (g) k1 = 0.475070 and (h) k1 = 5.808115, and the band structures are scanned by k2. (The values of k1 are numerically determined to hit the projected Weyl points.) (i) A Fermi arc projected onto the k1-k2 plane, drawn as green lines. esting evolution. For the isotropic case with tetrahedral symmetry, six pairs of the Weyl points move on the highsymmetric W-X lines as the tension increases. In a narrow range of the tension parameter, several extra pairs of Weyl points are created and annihilated, and after the annihilation, the chirality of the remaining Weyl points is flipped. For the anisotropic case without tetrahedral symmetry, the sequence of the creation/annihilation of Weyl points is a little different from the one in the isotropic case. Importantly, the broken tetrahedral symmetry allows finite SCN, and the relation between the surface states and the bulk SCN is explicitly demonstrated.
